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ABSTRACT

A group endomorphism a : G — G is said to be weakly shift equivalent to the
group endomorphism f: H — H if there exists A €H such that « is shift
equivalent to Ad[#]<f. Given covering projections a: X —~ X, b: Y — Y of
compact, connected, locally path connected, semilocally simply connected
metric spaces with fixed points x, € X, y,€ Y respectively, the inverse limits

L, =lim(X,a)={(x;)iez* ax; 1, =X, iEZ"},
2= li}_“ (Y, 0)={Wdiez*, bYis1 =y, IEZT}

and the “shift” maps 6,:X,—Z,, 0,:Z,—Z, defined by a,((x;)iez+) =
(X )iz €4, 0p((V)iez) = (Vi 4 1)iez+ €, are considered. It is proven that
if g, and o, are topologically conjugate then a, : m (X, xp) = m(X, Xg) is
weakly shift equivalent to b, : n (Y, yo) — m,(Y, y). Furthermore, ifa: X — X
and b: Y — Y are expanding endomorphisms of compact differentiable mani-
folds, weak shift equivalence is a complete invariant of topological conjugacy.
The use of this invariant is demonstrated by giving a complete classification of
the shifts of expanding maps on the klein bottle. The reader is referred to
Section 4 of this work for a detailed statement of results.
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1. Generalities on shift equivalence and weak shift equivalence

Given group endomorphims «: G — G and §: H— H, « is said to be shift
equivalent to B iff there exist group homomorphisms ¢: G — H, w: H — G and
n€&€Z* such that

pa=B0, YyB=ay, wyop=a", oy=p"
(6], (7D).

1.1. REMARK. It should be noticed that if ¢ is an injective map then the
conditions ga = ¢, ¢y = " together imply the rest.

1.2. DEFINITION. Given group endomorphisms «: G -G and §: H —H,
a is said to be weakly shift equivalent to B if there exists # € H such that « is
shift equivalent to Ad[h]-B.

1.3. PROPOSITION. Shift equivalence is an equivalence relation.

PrOOF. Symmetry and reflexivity are obvious. We prove that shift equiva-
lence is a transitive relation: Assume that o : G — G is shift equivalent to
B:H—H and f: H— H is shift equivalent to y: K — K. There exist group
endomorphisms ¢:G—H, w. H—>G, ¢ .:H—K, w.:K—H, m, n€Z*
such that

pa=PBo, yB=oay, yp=a”, o¢y=pB",
gp=v¢, wy=By, Yo =", ¢y =y".
Writing
¢// — ¢/¢ and l//” — a2mn—m—nWW/

we obtain

¢”0[ — y¢”’ W”y — 0“//”, W”¢” — aZmn’ ¢//W// — .YZmn.

1.4. ProrosiTION. Weak shift equivalence is an equivalence relation
among injective group endomorphisms.

ProOOF. In view of 1.3 it is sufficient to show that if Ad[g]-a is shift
equivalent to Ad{h]-f then « is shift equivalent to Ad{g(g ')4]-B: Let
Ad[g] ° « be shift equivalent to Ad[#]-f. There exist 9. G—H, y: H—G
and n €Z* such that
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(H ¢ (Ad[g]ea) = (Ad[h]B) -9,
(2) wo(Ad[h]eB) =(Ad[g]l )y,
(3 yeo=(Adlg]oa)",
4) goy =(Ad[h]-B)".

We notice that as «, f are injective, ¢, ¥ are injective, too. (1) can be regrouped
to give

&) poa=(Adlg(g~Hr]=p)°¢.
Define 2", h{?€ H for i €Z* inductively by
h{® = h{9 = the neutral element in H,
hi+D = hB(h),
hY* D = g(g =B (hY).
Consequently
(Ad[h]=B)" = Ad[A{"] = B,
(Ad[p(g~Dh]e B)' = Ad[A{"] - B,
forany i€Z*. We claim
(A 'enG) foreachi€Z*
which can be inductively proven as follows: Clearly
hO(h(®) ~' € 9(G).
Assuming
h)(h") "' EYG)
we find
Ryt (AETD) T = p(g T HRBREON BRI~ h
= (g~ 'NAd[R] < B(A(A") 1)
=g~ 'WAd[h]-f - p(g")) forsomeg’ €G
= ¢(g~ H(Ad[gla(g") EHG).
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Therefore, there exists g” € G such that

(Ad[g(g~ "] B)" = Ad[A{"(h™) ~'] < (Ad[h] - B)"

= Ad[p(g”")]pow
= ¢(Ad[g"]¥).
Writing ¥’ = Ad[g”] ¥ we obtain
(6) gy’ = (Adlg(g~Hh]<p)".

By 1.1, (5) and (6) together imply that ¢, ¥’ effect a shift equivalence of « to
Ad[p(g~Hh]B.

To my knowledge, this proposition is not known for endomorphisms which
are not necessarily injective.

2. Generalities on inverse limits of covering projections

This part consists of statement of some results from [5] and a corollary
thereof which will be used in the sequel.

By an inverse sequence (X;, a;) we shall understand a system consisting of
morphisms a;: X; —~ X, i,j€Z~, i Z j with the property that aj c a; = a, for
any i,j,k€Z* with i 2j = k and «,; = I the identity morphism on X;, for
anyi€Z*.

If o =(X,, a;) is an inverse sequence of continuous maps of topological
spaces, the inverse limit £, = lim (X}, a;) of &/ is the subspace of II(X,, i €EZ™)
consisting of those sequences in),ez+ with a;(x;) = x; for any i, jEZ* with
i = j.ZX,has a natural topology as a subspace of II(X;, i EZ ). Sets of the form

[V](n) = {(xi)iEZ* Eza: Xn € V}

where n€Z* and V is a neighbourhood of x, € X, constitute a base for the
topology of Z,.

In a topological space X a neighbourhood ¥ of x € X will be said to be a good
neighbourhood of x provided that V is path connected and

i# . nl(V5 X)_’ﬂl(X, x)

induced by the inclusion
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is trivial.

Let (X, a), (Y}, by), (Z;, ¢;) be inverse sequences of covering projections of
compact, connected, locally path connected, semilocally simply connected
metric spaces and

Za = lim (Xi’ aij)s z:b = hm (Yn bij), Zc =lim (Zi’ Cij)a

E=(x)iez*€Zsy N=W)iez* €Ly, { =(2)iez+ EXL..

Given a continuous map f: X, —~ X, with f{(¢)=n, n€Z"* and a good neigh-
bourhood V of y,€Y, consider the projection ¢,:Z,— Y, defined by
4.((¥)iez+) = y» for any (y{);cz+ €EZ, and the path component V, of (b,) ™'V
containing y, € Y,,. It can be verified that b, restricted to V, is a homeomor-
phism onto V. Under these conditions there exists m € Z* and a neighbour-
hood U of x,, such that

g, ° fIUI™) C V.

Consequently if (1) € 1,(X,,, x,,) and 4 = (4;);cz+ is the unique path in £, with
A(0)=¢and A, = A, then g, o fIX)(1)E V,. We define

L(m, n, V) f((A)) = (gn o fid) *@) ET(Ta, ya)
where w is any path in V, with (0) = g, » f((1)) and w(1) = y,.
L(m, n, V)f nl(Xm’ Xm)—’ﬂl(Y,,, yn)

1s a well-defined map; in particular it is independent of the choice of w. The
fundamental properties of L(m, n, V) f can be summarised as follows:

2.1. LeMMA. (1.1 in [5)) Let f:X,—Z, be a continuous function with
(&) =n. Forany n €Z"* and any good neighbourhood V of y, € Y,, there exists
a map

L(ma n, V)f nl(Xma xm)_’nl(Yna yn)

Jor some m € Z* such that
(@) if L(m, n, V) fis defined and m’ = m, then

L(m,’ n, V)f nl(Xm’, xm’)_,nl(Yn’ yn)
is defined and
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L(m',n, V) f=L(m,n,V)[o(@uwm)s;
(b) if L(m,n, V) fis defined and n’ < n then
Lim,n', V) f: 10Xy, X) = 1y (Y o, Vi)
is defined and
L(m,n’, V) f=(bm)soLim,n, V),
(c) L(m, n, V) fis a group homomorphism for all sufficiently large me€Z+.

2.2. LemMA. (1.2 1in [5))
(a) If U is any good neighbourhood of x,€ X, and I : X, — X, is the identity
map, then

L(ma ”l, U)I nl(Xms xm)_)nl(Xna -xn)
is defined for all m, n € Z* with m = n and satisfies
L(m, n, )] = (Gyn)s;

(b) If [:2,—Z%, and g:Z,— X, are continuous maps with f({)=n and
g(n)="{Land V, W are good neighbourhoods of y,, z, respectively and given n,
PEZ* such that

L(n, p, W)g: n(Y,, yn) = 72y, 2,)
is defined, then for all sufficiently large mE€Z*
Lim,n, V)f:1(Xp, Xm) = (Y5 Vn)
and
L(m, p, WXg e f): 0(Xin, Xm) = (2, 2,)
are defined and satisfy
L(m,p, WXgof)=L(n,p, W)geL(m,n,V)f.

2.3. COROLLARY. Let f: X, — X, be a homeomorphism with f()=n. For
any n€Z* and any good neighbourhood V of yo, L(m, n, V) f is defined and
injective for all sufficiently large mE€Z ™.

Proor. Given n€Z*, choose M €Z"* such that L(M, n, V) fis defined.
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Let U be any good neighbourhood of x,E€ X;. There exists NE Z* such that
L(N, M, U)f~'is defined and

LM, n, V) [ L(N,M,U)f ' =L(N,n, V)(fo )
= (byn)s
by 2.2. Similarly there exists m € Z* such that L(m, N, V) fis defined and
LN, M, U)f "o L(m,N,V)f=L(m, M, U)f " f)
= (@ppr)s-
We claim that L(m, n, V) fis injective: Assume
L(m, n, V) f{A)) = L(m, n, V) f({d:)).
Therefore
(ban)y o L(m, N, V) f({A1)) = (byn)y © L(m, N, V) fl{4,))
by 2.1(b). Consequently
L(m,N, V) f({A))=L(m, N, V) f({(4:))
as (b,y), 1s an injective map. Applying L(N, M, U) f ' on both sides
LN, M, U)f "o L(m,N, V) f({(A}) = LN, M, U) f 1o L(m, N, V) f({A,))
hence
(@) 4 ({A41)) = (@ma)4({42))
from which we conclude
(4} = (A2}

as (@), 1s an injective map. Thus L(m, n, V) fis an injective map. For any
mzm

L(m', n, V)f= L(m,n, V)fO(am’m)#

is injective.
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3. Inverse limit of a single covering projection and the “shift”

Let X, Y be compact, connected, locally path connected, semilocally simply
connected metric spaces, a: X —X, b: Y — Y be covering projections with
fixed points x,€X, y,E€Y respectively. In the following we shall consider
inverse sequences (X, a,), (Y;, b,) where X, = X, Y, =Y, a,=a" 7/, b, =b'"/
foralli,j€Z* withi Zj. Thus

Za = {(x,')iez+EXZ+, a(x,-H) = X;, lEZ+},
2b = {(yi)IEZ’E YZ+7 b(yl+l) =Y IEZ+}

Further, we write § = (Xo)iez*, flo = (o)iez+- Such simple inverse limits are of
importance mainly owing to some homeomorphisms naturally attached to
them. The map

a:x,—%,
defined by
a((xi)iez+) = (axi)iez
is a homeomorphism the inverse whereof
0. ((X;)iez*) = (Xi s 1)iezr

has come to be called the “shift” on X,. We note that a point & = (x/),cz+ €L,
is a fixed point of 4 iff x; = x{ for all iEZ* and x; is a fixed point of a.

Similarly we define b, g, = b~' and note that g,(1,) = 7,.

4, Statement of results

The purpose of this paper is to prove the following results:

4.1. THEOREM. If there exists a homeomorphism f:Z,—X, such that
&) =nyandfe0,= 0,0 fthen

a* : nl(Xs -XO) - ﬂ‘(X, x())
is shift equivalent to
by : (Y, yo) = m(Y, yp).

4.2. THEOREM. Ifa,is topologically conjugate to a,(that is, if there exists a
homeomorphism f: L, — X, such that f o6, = 0, ° f) then
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a, : (X, Xo) = 1 (X, Xo)
is weakly shift equivalent to
b# : nl(Ya .VO) - nl(Ya .“0)'

4.3. THEOREM. Let ¢:m(X.xo) = r (Y, o) and y: (Y, vo)— m (X, x;)
effect a shift equivalence of a,:mn(X,x))—=m(X,xy) to b,:m(Y,y)—
(Y, vo). If there exists a covering projection f: X — Y such that fea =b o f,
f(x0) = v, fo = @, then there exists a homeomorphism

F:Z,—%,
such that
Foeo,=0,0F
and
F(&) = 1o

4.4. DEFINITION. ([4]) /: X — X is said to be an expanding map if X is a
differentiable manifold on which there exists a riemannian metric { -, ) such
that fis differentiable and there exist constants C >0, A > 1 such that

I T CO0) e Z CA* [ v
forany x€EX,vET X, nE€Z", where | v |, stands for (v, v),.

Notice that on a compact manifold being expanding is independent of the
riemannian metric. In particular, if fis an expanding map on a compact
manifold X and h: X — X is a diffeomorphim, then 2~ "o fo h is expanding.
Expanding maps are covering projections and always possess fixed points. If
the expanding map is a diffeomorphism, then the fixed point is unique ([4],
Theorem |, Lemma 3 in I).

4.5. THEOREM. Let a:X—X, b:Y—Y be expanding maps, &=
(x0)icz* €L,y Mo = Vo)iez* EZ, be fixed points of a,, a, respectively. a, =
(X, xo)—~ (X, Xxo) is shift equivalent to b, : n(Y, ys) = n (Y, y,) iff there
exists a homeomorphism

F:Z,—Z%,
such that F o a, = a, o F and F(&) = n,.
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4.6. THEOREM. Let a:X—X, b:Y—Y be expanding maps, &=
(X0)iez* €EX,s Moo= (Vo)iez* €EZy be fixed points of a,, g, respectively. a, is
topologically conjugate to o, iff

a, : (X, xo) =~ (X, xo)
is weakly shift equivalent to

by : (Y, y)) = (Y, yo).

Theorems 4.1, 4.3 indicate that shift equivalence can be employed effecti-
vely in a category of topological spaces where covering projections abound in
the sense that to any reasonable injective homomorphism

¢: 7T|(X, xO)_> 7zl(Ya yO)

a covering projection f: X — Y can be attached with f(x;) = y, and f, = ¢. As
an example of such a situation the nilmanifold endomorphisms [2] may be
mentioned. On the other hand, efficiency of weak shift equivalence necessit-
ates also an abundance of fixed points in the sense that if x, is fixed point of
f: X — Xand (AYEn(X, Xp), then there exists a fixed point x{ of fsuch that

Ad[{A)] e [y : (X, xo) — 7 X, Xo)
is shift equivalent to
Se : m(X, x0) = (X, x3).

Expanding maps will be shown to have the fixed point abundance.

It seems reasonable to expect that covering projection and fixed point
abundance are correctly exhibited by infranilmanifold endomorphisms and
anosov endomorphisms, the latter being possibly a subcategory of the former
([11, 13

The concept of shift equivalence can be defined in any category. It was
introduced by R. F. Williams in his analysis of subshifts of the finite type and
the so-called “expanding attractors” ([6], [7], [8]). Although many ideas with
profound implications have been put forward, the situation as regards the
above-mentioned problems appears to be far from clear.
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5. Proofs

5.1. LEMMA. Foranym,n€Z* with m = n and any good neighbourhood
Uofx, L(m, n, U)d* is defined for any k € Z withm —n + k =2 0 and

L(m, n, U)d* = (a,)"~"**.

PrROOF. Given (1) Em(X,,, X,,) = 1,(X, x) let 1 =(4,);ez+ be the unique
path in X, with the property A(0)=¢&, A, =4. If p,:Z,—> X, =X is the
projection defined by p,((x/);cz+) = x, for any (x/);cz+ EZ,, then

pna"kx= am—n+kl'
Consequently L(m, n, U)d* is defined and equals (a,)™ " **.

5.2. LEMMA. Letf: X, — X, be any continuous map with f(&) = n,. For any
nE€Z* and any good neighbourhood V of y,, L(m,n, V) fed) and
L(m, n, V) fare defined and satisfy

L(m! ns V)(f°[i)=L(m, n, V)foa#
Jor all sufficiently large mEZ™.

Proor. Let L(m’, n, V) fbe defined. By 2.2, for any good neighbourhood
U of x, there exists m € Z* such that L(m, m’, U)dand L(m, n, V)(f-d)are
defined and satisfy

Lim,n, V) fed)=L(m’',n,V)feL(m,m’, U)d
=L{m', n, V)fela,)" ™*" byS.1
=L(m,n,V)fea, by2.l(a).

5.3. LEMMA. Letf:X,— X, be any continuous function with f(&) = . For
any n€Z* and any good neighbourhood V of v, L(m,n,VXbef) and
L(m, n, V) fare defined and satisfy

L(m7 ns V)(Eof)=b# OL(m’ n7 V)f
Jor all sufficiently large mEZ*.

PrROOF. L(n,n, V)b = b, by 5.1. On the other hand, by 2.2 there exists
m€EZ* such that L(m, n, V) f, L(m, n, V)b - f) are defined and satisfy
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Lm,n, VXbof)=L(n,n,NboL(m,n, V)f
=b,oL(m,n, V).

5.4. CorROLLARY. If f:X,—X, is a continuous map with f(&)=n, and
fod =bofthen for any n€EZ* and any good neighbourhood V of y,EY,
L(m,n, V) fis defined and satisfies

Lim,n,Vyfea,=b,ocL(m,n,V)f
Jor all sufficiently large mEZ+.
Proor. This is a direct consequence of 5.2 and 5.3.

5.5. ProoF ofF 4.1. Given p€Z* and any good neighbourhood U of
XoE X, by 2.1 and 5.4 we can choose n €Z™* such that

V= L(n7 D, U)f_l . 7TI(Y', yO)—, nl(Xa XO)
is defined as an injective group homomorphism such that
Wob,=ayoy.

Let V'be any good neighbourhood of y,€ Y. By 2.2(b) there exists m € Z* such
that ¢ = L(m, n, V) fis defined as a group homomorphism and satisfies

wep=L(n,p,U)f 'eLim,nV)f
=L(m,p,UXSf "= f)
= @),
In view of 1.1 we conclude that ¢, y effect a shift equivalence of 4, and b,.

5.6. LEMMA. Let y,, v} be fixed points of a continuous map g: Y —Y.
There exists {u) En(Y, yo) and an isomorphism y: n (Y, yo) — n(Y, yt) such
that

yoAd[{u)]ogsy =84°7-
PROOF. Let 7 be a path in Y with the property t(0) = yg, t(1) = y,. Define

7Y, yo) = (Y, yo)
by

YA)) = (TxAxT})
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for any (1) €n(Y, ;). 7 is obviously an isomorphism. On the other hand

7T ogyo v ((A)) = (17" %(gT) *(gA) *(gT ") * 7).

Writing 4 = 77! » gt we find that

7 ogy ey =Ad[(u)]og,.

5.7. PROOF OF 4.2. Let F:XZ,— X, be a homeomorphism with Fej =
b o F. There exists a fixed point y;€ Y of b such that 5 = (¥{)icz+ is a fixed
point of b and F(&) = n4. By 4.1, a, : m,(X, xo) — m,(X, X,) is shift equivalent
to by:n(Y,y)—>n(Y,y). Combining with 5.6 we conclude that
a,: m(X, x))— m(X, xp) is weakly shift equivalent to b, : 7, (Y, yo) = (Y, o).

5.8. PROOF OF 4.3. Assume ¢oa,=b,c¢, woby=a,oy, yep=aj,
¢oy =bj.Letg: Y — Xbe the unique map satisfying f o g = " and g(,) = x,.
From foeg=b"and fea =b - fwe obtain foge f=50"o f= foq" and

fogob=b"t'=bofog=foacg.
As fis a covering projection, these imply
gef=a" and geb=a-g
respectively. Finally define
F:X,—-Z%, and G:%,—Z%,
by
F((x)iez?) = (f(x))iez» and  G(()iez) = (€i)iez-

It can be checked that F is a homeomorphism with Fod =5 o F, F(&) =1,
and indeed G o F = g4".

5.9. PrRooFOF4.5. By Theorem 4 (I)in [4], thereexist/: X—Y,g: Y =X
uniquely determined by the properties that f(xo) = yo, g(00) = X0, fo =9,
&=V, fea=bof, goeb=acg. Similarly as yegoal =aj oy ¢ there
exists a unique map h: X —X with A(x))=Xxg, hy =wo@, hoa"=a"oh.
Consequently h = g f=a". By a similar reasoning we find that fog = b".
Now it is easy to check that f, g are covering projections. The proof is complete
in view of 4.3,
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5.10. LEMMA. Let b:Y —Y be an expanding map, y,€Y a fixed point of
b. For any (AYEn (Y, y,), there exists a fixed point y;€ Y of b such that

Ad[<l >] ° b# . nl(Y’ yO)_’ nl(Ya yO)
is conjugate to
by : m(Y, yo)— n(Y, o).

ProoF. Letg: Y — Ybe the universal covering projection onto Y. Let " be
the group of covering transformations associated with g: ¥ — Y, that is the
group of homeomorphisms g: ¥ — ¥ with the property that g e g = g. Given
o€ g~ '(yp) there exists a natural isomorphism

5: KI(Y, yO)_)F

such that for any (1) En(Y, y,), J is the unique covering transformation
associated with ¢: ¥ — Y sending y, to 1(0) where 1 is the unique path in ¥
with g o4 = A and A(1) = y,. If 5: Y — Y is the unique homeomorphism with
q ob = b o q and b(y,) = y,, it can be checked that

(#) Foby=fod
where f:I' =T is defined by

Blg)=boge(b)!
for any g €T. As a consequence of (*) we obtain

J o (Ad[(A)]° by) = (Ad[6({A))] 2 B) .
We note that
Ad[S((AN]-p(g) =b"-g ()"
where
b’ =38((A))b.

Lifting the riemannian metric on Y, with respect to which b is expanding, to ¥
so that ¢: Y—Y is a local isometry and each gE€I is an isometry of
riemannian manifolds, we find that b and 5’ are expanding diffeomorphisms.
Let y} is a fixed point of 5. If y§ = q(¢), then y{ is a fixed point of b and there is
a natural isomorphism
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6" :m(Y,yp)—=T

such that
0’ oby,=p"00
where
p:I'=T
is defined by

Bllg)=0b"ego(b)"
= Ad[0((1))]  B(8).
Consequently if we write
h=6""10":m(Y,y0)—= (Y, yo)
we obtain
hoby=0""e0"0b,
=35"1opre g
=67 "o Ad[o((A))] o B 2 0’
=d""edoAd[{A)]ed o B
=Ad[(A)]ebyod 7" 04’
=(Ad[{A)]oby)=h.

5.11. PRooF OF 4.6. Necessity is established in 4.2. Assume that
a, : m(X, xo) — m(X, x) is weakly shift equivalent to b, : m,(Y, y,) = m,(Y, yo).
There exists (1) Ex(Y, y,) such that a, : 7,(X, xo) = 7,(X, X,) is shift equiva-
lent to Ad[(4)] e b, : 1 (Y, yo) = m,(Y, y). By 5.10 there exists a fixed point y}
of b such that Ad[(A)]eb,:n(Y,y)—n(Y,y,) is conjugate to
b, : a (Y, y))— n (Y, yj). Consequently a, : m(X, x;) — m(X, x,) is shift equi-
valent to b, : n,(Y, y§) = n,(Y, yg). By 4.5 g, is topologically conjugate to g;.
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6. Expanding maps in the Klein bottle

Klein bottle is the compact quotient manifold K = R*G where G is the
group of affine transformations of R? generated by 4, B: R?— R? defined by

Alx,y)=(x+1,p),
B((x,y)=(—x,y +1/2),

for any (x, y)ER? K has k,, the image of (0, 0) € R? under the quotient map as
a natural distinguished point. 7,(K, k;) can be identified with G which can be
presented as the abstract group with generators 4, B subject to the relation
AB = BA~!. Each element of G can be uniquely represented in the form
A’B? p,qEZ. Let ¢ : G — G be an endomorphism. There exist p, p’, q, r€Z
such that

$A4) = A"B,
¢(B) = A‘B’.
As
#(4B) = ¢(BA™")
we have
HA)H(B) = ¢(B)p(A4) ',
hence
APBPA'B" = A'B'B~P'A"*
and
APH—WARP T = ga—(=1Y TPgr
Therefore
p'=0,
p=—(=DDp.

Thus it is seen that each endomorphism ¢ of G is of the form
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A— AP

&p,q,r): {
B—AB’

where p, q,r€Z, r is odd unless p = 0. It can be checked that ¢(p, q,r) is
injective iff p # 0. Furthermore,
#p,q,r)oe(p’,q',r")=¢(pp’,q +q'p, 1),
@(p, g, )" =d(p", q(l+p+---+p""Hr)
Forany p,q,r€Z, p # 0, r odd consider
fip,q,r):R*—=R?
defined by
fp, g, r)((x,y)) =(px + 6(y), 1y)
where 6: R— R is any differentiable function with the properties
6(0)=0,
Oy +1/2)=—-6(y)+q

for any y €R. (For instance, §(y) = gsin’ zy.) f(p, ¢, r) is a diffeomorphism
and satisfies

fp,q,r)eA=47f(p,q,r),
flp,q,r)oB=A4%B"<f(p,q,r)
Hence f(p, q, r) is the lifting of a covering projection
a(p,q,r}): K—K
with
a(p, 4, r)iky) = ko
and
(a(p, ¢, 1)y =&p, 4, 1)

We notice that if |p]|, |r] #0, 1, then a(p,q,r) is an expanding map.
Conversely, if ¢(p, ¢, r) is induced by an expanding map, then | p|, |r| # 0, 1:
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If a is expanding and a,=¢(l,q,r) for some g,r€Z then
A€ My ain(K, ky) which is impossible by Proposition 4 in [4]. If a is
expanding and a, = ¢( — 1, g, r), then so is a? and

(@), =(a})=(e(—1,9,r))=¢(1,0,r)

which was seen to be impossible. Hence |p| # 1. Similarly |r| # 1. If
a(p, q, r) 1s expanding then it is a covering projection. Thus ¢(p, g, r) is
injective and p # 0.

Finally if a: K— K is expanding it is topologically conjugate to some
a(p, q,r): Let k €K be a fixed point of a. If # is any diffeomorphism of K with
h(ky) = k (which exists as K is a smooth manifold) then a’=h"'eachis an
expanding map with k, as a fixed point. There exist p, g, r€Z* such that
(a")y =9(p,q,r). By Theorem 4 in [4] a’ is topologically conjugate to
a(p,q,r).

Let Z(p, q,r)=1im (K, a(p, q, r)) and a(p, q, r) be the shift on X(p, g, r).
By 4.6, the problem of classification of the shifts a(p, g, r) up to topological
conjugacy is equivalent to the problem of classification of the group endomor-
phisms a(p, ¢, r) up to weak shift equivalence.

In the following pr(x) denotes the set of prime factors of x €EZ.

6.1. PROPOSITION. &(p, q, r) is shift equivalent to ¢(p’,q’,r") iff p = p’,
r=randp—1 | qL — g’ for some L € Z with pr(L) C pr(p).

PrRoOOF. Assume that ¢(p, g, r) is shift equivalent to ¢(p’, g’,r’). Let
(L, M, N)yand ¢(L’, M’, N’) effect the shift equivalence. As ¢(L, M, N}hasto
be injective L # 0. On the other hand, N # 0 as N is odd. We have

ML, M,N)ed(p,q,r)=&p’,q",r)e &L, M, N),

that is,
(%) ¢(Lp, M +4qL,Nr)=¢(p’L, q’ + Mp’, Nr')
and

oL, M’',N')e (L, M, N)=(Hp,q,1)",
that is,

()  L'L,M +ML,N'N)y=¢(p",q(1+p+---+p")r")
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for some n €Z*. From (x) we obtain
Lp=p'L,
Nr=r'N,
M+qlL =q" + Mp’;
from (*x)
L|p"
Consequently p=p’, r=r, p—1=p’ -1 |qL — g’ for some L €Z with

pr(L) C pr(p). Conversely, if the above relations are valid choose sufficiently
large n €Z* such that L | p". Write L’ = p*/L. There exists M € Z such that

gL —q¢'=M(p - 1)=M(p'— 1)

hence
§Y) M+qL =q + Mp'.
As
p—1lgL —q'=gp"/L' g’
we have

p—1]ap"—q'L’
which implies
p—1lgL' —q
asp—1 | p" — L. There exists M’€ Z such that
M(p—-1)=q'L'—q
hence
2) M +qL =q+Mp.
From (1) and (2) and the fact that LL’ = p", p = p’, r = r’ we obtain
3 M+ML=g(+p+---+p"h,
“4) M+ML =q(l+p+---+p"7).
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Let N, N’ be any integers with
(5) N-N=p"=p",
then
AL, M, N)eKp,q,r)=&p",q",r) oKL, M, N),
oL, M, N)op’,q', 1) =D, q, 1) L', M’, N'),
AL, M’",N)e L, M,N)=(¢(p,q,1))",
AL, M,N)e (L', M", N')=(Hp", q',1))",

by (1), (2), (3), (4), (5). Therefore ¢(L, M, N), ¢(L’, M’, N’) effect a shift
equivalence of &(p, q, r) to &(p’, q’, r’).

6.2. PROPOSITION. ¢(p, q, r) is weakly shift equivalent to &(p’, q', r") iff
@ [pl=1pl,r=r,
(b) p is even or q and q’ have the same parity.

Proor. We notice that
Ad[A*B*]ep,q, r)=&(— 1)'p, (— 1)'q +2u,r)

forany p, q, r €EZ. Hence ¢(p, q, r) is weakly shift equivalent to ¢(p’, q’, r’) iff
there exist u, v, L € Z such that

p=(—D'p, r=r, p(L)Cpr(p)
and
p—1|gL —(—1)’q¢’ —2u.

Equivalently, ¢(p, q, r) is weakly shift equivalent to ¢(p’, ¢’, r')iff | p| = | p’|,
r = r’ and there exist u, L € Z such that

pr(L) C pr(p)
and
(%) p—1|qL —q' —2u.

If p is even () is satisfied by taking L = 2 and
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20g—-u)y—q’'=p—1 if ¢’ is odd,
209 —u)—q'=2(p—1) ifqg’ iseven.
If p is odd then so is L and (*) can be satisfied iff g and ¢’ have the same parity.

6.3. CorROLLARY. Let |p|,|p'| #1,0,1r|,|r'| # 1.a(p, q, r) is topologi-
cally conjugate to o(p’, q’, r') iff

@ lpl=Ipl,r=r,
(b) p is even or q and q’ have the same parity.

Proor. Immediate consequence of 4.6 and 6.2.
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