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ABSTRACT 
A group endomorphism a : G ~ G is said to be weakly shift equivalent to the 
group endomorphism fl: H ~ H  if there exists h @H such that a is shift 
equivalent to Ad[h] off. Given covering projections a : X ~ X ,  b : Y ~  Y of 
compact, connected, locally path connected, semilocally simply connected 
metric spaces with fixed points x o E X ,  yo ~ Y respectively, the inverse limits 

Z~ = lim (X, a) = {(xi)iEz*, axi+j = xi, i E Z + } ,  

Y~b = lim ( Y, b) = ( (Yi)mz ÷, byi + i = Yi, i E Z + ) 

and the "shift" maps era : •a ~ ' a ,  O'b" ~7~b ~ ' b  defined by aa((xi)iEz+) = 
(xi + l )~z  + E Z,,, ob((Yi)~ez + ) = (Yi + I)iez + ~ Zb are considered. It is proven that 
if a~ and ab are topologically conjugate then a .  :rq(X, x0)---,nl(X, x0) is 
weakly shift equivalent to b. : rh(Y, Y0) ~ hi( Y, Y0)- Furthermore, i fa  : X ~ X 
and b : Y ~ Yare expanding endomorphisms of compact differentiable mani- 
folds, weak shift equivalence is a complete invariant of topological conjugacy. 
The use of this invariant is demonstrated by giving a complete classification of 
the shifts of expanding maps on the klein bottle. The reader is referred to 
Section 4 of this work for a detailed statement of results. 
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1. Generalities on shift equivalence and weak shift equivalence 

Given group endomorphims a : G - -  G and fl : H ~ H,  a is said to be shif t  

equivalent  to fl iffthere exist group homomorphisms 0. : G - -  H,  ~ : H - -  G and 

n ~ Z + such that 

0,~=/~0, ~u/~=,~u, ~,0=,~ ", 0~=~"  

([6], [71). 

1.1. REMARK. It should be noticed that if  q~ is an injective map then the 

conditions Oa = flO, O~ = fl" together imply the rest. 

1.2. DEFINITION. Given group endomorphisms a : G --" G and fl : H --- H ,  

a is said to be weak ly  shif t  equivalent  to fl i f  there exists h ~ H such that a is 

shift equivalent to Ad[h] ° ft. 

1.3. PROPOSITION. Shift equivalence  is an equivalence  relat ion.  

PROOF. Symmetry and reflexivity are obvious. We prove that shift equiva- 

lence is a transitive relation: Assume that a : G  ~ G is shift equivalent to 

fl : H ~ H and fl : H --- H is shift equivalent to 7 : K ~ K. There exist group 

endomorphisms O : G --" H ,  ~u : H o G , qY : H --, K ,  ~u' : K- -"  H , m ,  n E Z + 

such that  

Writ ing 

we obtain 

~" = ~'~ and ~u" = Ol 2ran -m-n[ll~llZ 

~" a = YO", 

1.4. PROPOSITION. 

~b¢ tt~ = O/~//tz ' ~lft ~)tt = Ol 2ran ' Otl~l/tt = y 2ran" 

W e a k  shif t  equivalence is an equivalence  relation 

a m o n g  inject ive group e n d o m o r p h i s m s .  

PROOF. In view of  1.3 it is sufficient to show that if  Ad[g] o a is shift 

equivalent to Ad[h] off then a is shift equivalent to Ad[~(g-t)h]  off: Let 

Ad[g] o a be shift equivalent to Ad[h] o ft. There exist O : G  -"  H ,  ~v:H---,  G 

and n E Z + such that 
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(1) 

(2) 

(3) 

(4) 

¢ o (Ad[g] o a) = (Ad[h ] o fl)o ¢, 

~uo (Ad[h ] o fl ) = (Ad[g] o a) o V, 

V o ¢ = (Ad[g] o a) ~, 

¢ o ~  =(Ad[h]of l )n .  

We notice that asa ,  fl are injective, ¢, ~uare injective, too. (1) can be regrouped 

to give 

(5) ¢o a = (Ad[0(g-l)h]o fl)o ¢. 

Define hl i}, hti}~ H for i ~ Z + inductively by 

hl °} = hi °} = the neutral element in H,  

hl i+  1} = h f l (h l i } ) ,  

hi,+ ,} = ¢(g-  l)hfl(h~,}). 

Consequently 

(Ad[h ]o fl)' = Ad[h['~] o fl ' ,  

(Ad[0(g-l)h]o fl)' = Ad[ht~q o i f ,  

for any i E Z +. We claim 

h~}(hlO) - 1E O(G) for each i ~ Z + 

which can be inductively proven as follows: Clearly 

hp}(h~ °}) - r E  ¢(G). 

Assuming 

hti}(hl i}) - '  ~ ~ G )  

we find 

h~ + l( hli + ,}) - l = O(g-  l)hfl ( hti})( fl ( hli}) ) - l h  -1 

-- ~(g - b(Ad[h ] o fl(ht~}(h[ ~}) - ')) 

= ~ g - ~ ) ( A d [ h ]  off o 0(g')) for some g ' ~  G 

= ~ g -  l )O(Ad[g]a(g'))  ~ ~ G ) .  
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Therefore, there exists g" ~ G such that 

(Ad[O(g - l)h]o fl)" = Ad[ht")(hl ")) - 1]o (Ad[h ] o fl)" 

= Ad[0(g")] o 0 o ~' 

= ¢ o (Ad[g"] o ~). 

Writing ~,' = Ad[g"] o ~, we obtain 

(6) q~o ~ '  = (Ad[q~(g-~)h] off)". 

By 1.1, (5) and (6) together imply that 0, ~" effect a shift equivalence of  a to 

Ad[q~(g- l)h] off. 
To my knowledge, this proposition is not known for endomorphisms which 

are not necessarily injective. 

2. Generalities on inverse limits of covering projections 

This part consists of statement of  some results from [5] and a corollary 

thereof which will be used in the sequel. 

By an inverse sequence (X~, ao) we shall understand a system consisting of  

morphisms ao : X~ --. Xj, i , j E Z +, i = j with the property that ajk o a~j = ai~ for 

any i , j ,  k E Z  + with i >_-j > k and a ,  = I the identity morphism on X~, for 

any i E Z  +. 

If M = (X~, ao) is an inverse sequence of  continuous maps of topological 

spaces, the inverse l imi t  Y~ = lim (Xg, a~j) of ~¢ is the subspace of  I-I(X~, i ~ Z +) 

consisting of  those sequences (x~),ez+ with a~j(x~) = xj for any i , j  ~ Z  + with 

i >_-j. Y. has a natural topology as a subspace of  I-I(X~, i ~ Z +). Sets of  the form 

[ V](")= {(x~),~z÷ e x., x. ~ V} 

where n ~ Z ÷ and V is a neighbourhood of x ,  E X ,  constitute a base for the 

topology of  Za. 

In a topological space X a neighbourhood V o f x  ~ X will be said to be a good 

neighbourhood of  x provided that V is path connected and 

i ,"  zq( V, x)  ---- nl(X, x) 

induced by the inclusion 

i ' V - * X  
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is trivial. 

Let (X,, ao), (Yg, b,j), (Z,, c~j) be inverse sequences of covering projections of 

compact, connected, locally path connected, semilocally simply connected 

metric spaces and 

Z~ = lira (X~, a,j), 

= ( X i ) i E Z  + ~ Y ~ a ,  

Zb = lim (Y,, bij), Y~c = lim (Zi, co), 

Given a continuous map f :  Za --" Zb with f(~) = q, n ~ Z + and a good neigh- 
bourhood V of y0EY0, consider the projection q . : E b ~  Y. defined by 
q.((y;)i~z +) = y;, for any (y/),ez + EZb and the path component  V. of (b.o)-~V 
containing y. E Y.. It can be verified that b.0 restricted to V. is a homeomor-  

phism onto V. Under  these conditions there exists m E Z + and a neighbour- 

hood U of  x,. such that 

q, o f([U] (")) __C_ 1/,. 

Consequently if ~2 ) ~ rq(X,,, x") and 2 = (2i),~z* is the unique path in Za with 
J.(0) = ¢ and 2,, = 2, then q, o f()~)(l)~ V,. We define 

L(m, n, V ) f ( ( 2 ) ) =  (q, of(,() .¢o)Ezq(Y, ,  y,) 

where co is any path in V, with o~(0) = q, o f()~(1)) and o~(1) = y,. 

L(m,  n, V)f:  7rl(X", x " ) ~  7h(Y,, y,) 

is a well-defined map; in particular it is independent of the choice of co. The 
fundamental  properties of L(m,  n, V)fcan  be summarised as follows: 

2.1. LEMMA. (1.1 in [5]) Let f :  Za-~Eb be a continuous function with 
f (  ~) = q. For any n ~ Z + and any good neighbourhood V of  yo ~ Yo, there exists 
a map 

L(m,  n, V) f : ~l(Xm, Xm) -~ 7Cl(Yn, fin) 

for some m E Z + such that 
(a) i f  L(m,  n, V) f is defined and m' >= m, then 

L(m',  n, V) f : tq(X",, x,.,) ~ Zrl(r,, y.) 

is defined and 
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L(m', n, V ) f =  L(m, n, V)fo (am,,.). ; 

(b) i f  L(m,  n, V) f is defined and n' <-_ n then 

L(m, n', V) f : n~(Xm, Xm)--" zq(Y.,, y.,) 

is defined and 

L(m, n', V ) f =  (b,,,,,). oL(m, n, V)f; 

(c) L(m, n, V) f is a group homomorphism for all sufficiently large m E Z +. 

2.2. LEMMA. (1.2 in [5]) 
(a) I f  U is any good neighbourhood of xo~Xo and I : Za ~ Za is the identity 

map, then 

L(m, n, U)I : rq(Xm, Xm) -" n,(X., X.) 

is defined for all m, n E Z + with m > n and satisfies 

L(m,  n, U)I = (a",,),; 

(b) I f  f : Ea--'Eb and g:Zb--"Ec are continuous maps with f ( ~ ) =  r/ and 
g(q) = ~ and V, W are good neighbourhoods of yo, zo respectively and given n, 
p E Z + such that 

L(n, p, W)g : rtl(Y., y . ) ~  r~,(Zp, zp) 

is defined, then for all sufficiently large m E Z + 

L(m, n, V) f : 7Cl(Xm, Xm) - -  n,(Yn, Yn) 

and 

L(m, p, W)(g of ) :  n,(Xm, x,.)--" n~(Zp, zp) 

are defined and satisfy 

L(m,  p, W)(g of)  = L(n, p, W)g o L(m,  n, V) f .  

2.3. COROLLARY. Let f :  Za --" Eb be a homeomorphism with f(~) = rl. For 
any n E Z + and any good neighbourhood V of yo, L(m,  n, V) f is defined and 
injective for all sufficiently large m ~ Z ÷. 

PROOF. Given n E Z  +, choose M E Z  + such that L(M, n, IOf i s  defined. 
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Let U be any good neighbourhood of xo E)t0. There exists N E Z ÷ such that 

L(N, M, U) f -1 is defined and 

L(M, n, V)foL(N,M, U)f  -j =L(N, n, V ) ( fo f  -1) 

= ( b ~ , ) ,  

by 2.2. Similarly there exists m E Z  + such that L(m, N, V)f is  defined and 

L(N, M, U) f - ~ o L(m, N, V) f = L(m, M, U)( f - ' o f )  

= (a , ,M)~ .  

We claim that L(m, n, V)fis  injective: Assume 

L(m, n, V) f((2t))= L(m, n, V)f((22)). 

Therefore 

(bu.). oL(m, N, V ) f ( ( ~ l )  ) = (bu.). oL(m, N, lO f((22)) 

by 2. l(b). Consequently 

L(m, N, V)f((2,)) = L(rn, N, V)f((22)) 

as (b,u), is an injective map. Applying L(N, M, U)f-' on both sides 

L(N, M, U)f  -'o L(m, N, V)f((2,)) = L(N, M, U ) f - '  oL(m, N, V)f((22)) 

hence 

(atoM),((2,)) = (amM),((2z)) 

from which we conclude 

<2,> = <,12> 

as  (a,nM), is an injective map. Thus i (m ,  n, V)f is  an injective map. For any 

m , > m  

L(m', n, V) f=L(m,  n, V)fo(am.,,), 

Is lnjecUve. 
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3. Inverse limit of a single covering projection and the "shift" 

Let X, Y be compact, connected, locally path connected, semilocally simply 

connected metric spaces, a : X - - ,  X,  b: Y ~ Y be covering projections with 

fixed points x o ~ X ,  yo~ Y respectively. In the following we shall consider 

inverse sequences (X,, ao), (Yi, bo) where X~ = X,  Y, = Y, a o = a i-j ,  b o = b ' - j  

for all i, j ~ Z + with i > j .  Thus 

Y.~ = ((x,),~z~ ~ Y z+, a(x~ + l) = x,, i ~ Z + ), 

Zb = {(Y,),~z* ~ y z . ,  b(y, + t) = Y,, i E Z + }. 

Further, we write G0 = (x0),ez*, q0 = (Y0),~z*. Such simple inverse limits are of  

importance mainly owing to some homeomorphisms naturally attached to 

them. The map 

defined by 

d : Z a ~ Z a 

d((Xi)iEz+) = (axi)i~z* 

is a homeomorphism the inverse whereof 

~r~((x,),~z+) = (xi+ ~)i~z* 

has come to be called the "shift" on Ya. We note that a point ~' = (x'),~z÷ ~Za  

is a fixed point of  d iff x~ = x~ for all i ~ Z + and x~ is a fixed point of a. 

Similarly we define 6, eb =/~-~ and note that ab(rio) = rio. 

4. Statement of results 

The purpose of this paper is to prove the following results: 

4.1. THEOREM. I f  there exists a homeomorphism f :  Za-"~'~b such that 

f(~o) = rio and f o aa = ab ° f then 

a, : n~(X, xo)--" rq(X, xo) 

is shift equivalent to 

b ,  : x~(Y, Yo )~  zq(Y, Yo). 

4.2. THEOREM. I f  tr, is topologically conjugate to trb (that is, i f  there exists a 

homeomorphism f :  Za --" Xb such that f o tra = trb o f )  then 
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a,  : zr,(X, Xo)---" ztl(X, Xo) 

is weakly sh(ft equivalent to 

b, : zrl(Y, 3'0)--" ztl(Y, Yo). 

4.3. THEOREM. Let O: 7rt(X, x o ) ~  nt(Y, yo) and v/: ~r~(Y, yo)~Th(X,  xo) 

effect a sh(ft equivalence o f  a,  : Th(X, xo)--'Tr~(X, xo) to b, : rh(Y, y o ) ~  
~h(Y, Yo). I f  there e,x'ists a covering projection f :  X ~ Y such that f o a = b o f ,  

f(Xo) = Yo, ,f, = (9, then there e.vists a homeomorphism 

such that 

and 

F:  X~ ~ Xb 

Foa~ =a~ oF 

F(~0) = q0. 

4.4. DEFINITION. ([4]) f :  X ~ X is said to be an expanding map if X is a 

differentiable manifold on which there exists a r iemannian metric ( . , .  ) such 

that f i s  differentiable and there exist constants C > 0, 2 > 1 such that 

II Tf"(x)(v)  >-- CR" II v IIx 

for any x E X, v E T,X,  n E Z +, where [[ v [[, stands for (v, v) , .  

Notice that on a compact  manifold being expanding is independent  of  the 

r iemannian metric. In particular, if f is an expanding map on a compact  

manifold X and h : X ~ X is a diffeomorphim, then h - 1 o f o  h is expanding. 

Expanding maps are covering projections and always possess fixed points. If  

the expanding map is a diffeomorphism, then the fixed point  is unique ([4], 

Theorem 1, Lemma 3 in I). 

4.5. THEOREM. Let a : X ~ X ,  b: Y ~ Y  be expanding maps, ~0= 

(x0)~z+EZ~, qo=(Yo)iEZ+EZb be f ixed points o f % ,  ab respectively, a ,  = 

zh(X, Xo)~  rq(X, xo) is shift equivalent to b,  : zq(Y, Yo)-" zq(Y, Yo) i f f  there 
exists a homeomorphism 

F : Za ~ Zb 

such that F o aa = ab o F and F(~o) = rio. 
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4.6. THEOREM. Let a : X - "  X,  b : Y--" Y be expanding maps, ~o = 

(Xo)iez+E]~a, ?lo=(Yo)iez*~.b be fixed points of  aa, tTb respectively, aa is 
topologically conjugate to ab iff 

a ,  : 7tl(X, x0) ~ hi(X, x0) 

is weakly shift equivalent to 

b, : nl(Y, Y0)--" rq(Y, Y0). 

Theorems 4.1, 4.3 indicate that shift equivalence can be employed effecti- 
vely in a category of topological spaces where covering projections abound in 
the sense that to any reasonable injective homomorphism 

0 : hi(X, Xo)--" hi(Y, Y0) 

a covering projection f :  X--- Y can be attached with f(xo) =Yo and f ,  = 0. As 
an example of such a situation the nilmanifold endomorphisms [2] may be 
mentioned. On the other hand, efficiency of weak shift equivalence necessit- 
ates also an abundance of fixed points in the sense that if Xo is fixed point of 
f :  X ~ X and (~.) ~ n~(X, Xo), then there exists a fixed point x6 of f such that 

Ad[(2 )1 o f ,  : n~(X, Xo) --" nt(X, Xo) 

is shift equivalent to 

f ," n~(X, x6)--" nt(X, x6). 

Expanding maps will be shown to have the fixed point abundance. 
It seems reasonable to expect that covering projection and fixed point 

abundance are correctly exhibited by infranilmanifold endomorphisms and 
anosov endomorphisms,  the latter being possibly a subcategory of the former 
([l], [3]). 

The concept of shift equivalence can be defined in any category. It was 
introduced by R. F. Williams in his analysis of subshifts of the finite type and 
the so-called "expanding attractors" ([6], [7], [8]). Although many ideas with 
profound implications have been put forward, the situation as regards the 
above-mentioned problems appears to be far from clear. 
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5. Proofs 

5.1. LEMMA. For any m, n E Z  + with m >= n and any good neighbourhood 

U of  xo, L(m,  n, U)d k is defined for any k E Z  with m - n + k > 0 and 

L(m,  n, U)d k = (a,) "-"+k. 

PROOF. Given (2) ~ rq(Xm, x,,) = hi(X, x0) let 2 = (2~)iez+ be the unique 
path in Za with the property i ( 0 ) =  G0, 2,. = 2. If p. :Z. ~ X. = X is the 
projection defined by P,((x;)iEz+) = x" for any (x;),~z+ ~Za, then 

p,dk£ = a , . - ,  +k2. 

Consequently L(m,  n, U)d k is defined and equals (a,) , .-" +k 

5.2. LEMMA. Let f :  Z, ~ Zo be any continuous map with f(~o) = rio. For any 

n E Z  + and any good neighbourhood V o f  Yo, L ( m , n ,  V ) ( fod )  and 

L(m,  n, V) f are defined and satisfy 

L (m,  n, V ) ( f o d ) = L ( m ,  n, V ) f o a ,  

for all sufficiently large m E Z +. 

PROOF. Let L(m' ,  n, V)fbe  defined. By 2.2, for any good neighbourhood 
Uofx0 there exists m E Z + such that L(m,  m', U)d and L(m,  n, V)( f o d) are 
defined and satisfy 

L(m,  n, V ) ( fod )  = L ( m ' ,  n, V ) f o L ( m ,  m', U)d 

= L ( m ' , n ,  V ) f o ( a , )  m-"'+' by5.1 

= L ( m , n , V ) f o a ,  by2.1(a). 

5.3. LEMMA. Let f :  Z~ -" Zb be any continuous function with f(~o) = qo. For 
any n E Z  + and any good neighbourhood V o f  yo, L(m,  n, V)(l~of) and 

L(m,  n, V) f are defined and satisfy 

L (m,  n, V)(b o f )  = b, o L (m,  n, V) f 

for all sufficiently large m E Z +. 

PROOF. L(n,  n, V)6 = b, by 5.1. On the other hand, by 2.2 there exists 
m ~ Z  + such that L(m,  n, V)f ,  L(m,  n, V)(t~ o f )  are defined and satisfy 
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L(m, n, V)(5 o f )  = L(n, n, V)5 o L(m,  n, V) f 

= b ,  o L ( m ,  n, V ) f .  

5.4. COROLLARY. I f  f:  Za ~Zb  is a continuous map with f(~o)= qo and 
f o d  = 6 o f  then for any n ¢ Z  + and any good neighbourhood V of yo~ Y, 

L(m,  n, V) f is defined and satisfies 

L(m,  n, V ) f o a .  = b. oL(m, n, V ) f  

for all sufficiently large m ~ Z +. 

PROOF. This is a direct consequence of 5.2 and 5.3. 

5.5. PROOF OF 4.1. Given p ¢ Z  + and any good neighbourhood U of 

xo¢X,  by 2.1 and 5.4 we can choose n E Z  + such that 

~v = L(n, p, U) f - '  : ~r,(Y, yo)--'1q(X, xo) 

is defined as an injective group homomorphism such that 

~ o b ,  = a ,  o~u. 

Let Vbe any good neighbourhood of y0 E Y. By 2.2(b) there exists m ~ Z + such 

that ¢ = L(m, n, V)fis  defined as a group homomorphism and satisfies 

~v ock= L(n, p, U) f -~ o L(m,  n, V) f 

= L ( m ,  p ,  U ) ( f - '  o f )  

= ( a , )  m -u 

In view of 1.1 we conclude that ¢, ~, effect a shift equivalence of a ,  and b,. 

5.6. LEMMA. Let Yo, Y~ be fixed points of  a continuous map g: Y---, Y. 
There exists (# ) Erq(Y, Yo) and an isomorphism 7" rq(Y, Yo)--" rq(Y, Y6) such 

that 

? o Ad[(# }] o g ,  = g ,  o y. 

PROOF. Let r be a path in Ywith the property r(0) = y6, r(1) = Y0. Define 

7 : nl(Y, Y0)--" hi(Y, y(~) 

by 

y((2)) = (r ,~. , ' r  -~) 
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for any (2) ~ zq(Y, Y0). 7 is obviously an isomorphism. On the other hand 

7 - '  ° g ,  ° 7 ( ( 2 ) ) =  ( r - I  , ( g r )  *(g2) *(gz -1) , r ) .  

Writing/1 = z -  ~ • gr we find that 

7 - '  ° g ,  o 7 = Ad[(/~ ) ]og , .  

5.7. PROOF OF 4.2. Let F :X~-- 'Zb  be a homeomorphism with Foal = 
6 oF. There exists a fixed point y6~  Y of  b such that q6 = (Y~)i~z ÷ is a fixed 

point  of/~ and F(~0) = q~. By 4.1, a , "  n~(X, Xo) --" zrl(X, x0) is shift equivalent 

to b,'zr~(Y,y~)--'zrl(Y,y~). Combining with 5.6 we conclude that 

a , "  n~(X, xo)--" n~(X, Xo) is weakly shift equivalent to b,  • n~(Y, Y0)~ zh(Y, Y0). 

5.8. PROOF Or 4.3. Assume 0 o a ,  = b,  o 0, ~v o b,  = a ,  o ~v, ~, o ¢ = a~, 

0 o ~, = b~. Let g" Y ~ Xbe the unique map sat isfyingfo g = b" and g(Yo) = x0. 

From f o g = b" and f o a = b o f w e  obtain f o g  o f = b" o f = f o a" and 

f o g o b  = b ' + ~ = b o f o g = f o a o g .  

As f i s a  covering projection, these imply 

g o f = a "  and g o b = a o g  

respectively. Finally define 

F ' Z ~ Z b  and  G : Y ~ b ~ Z a  

by 

F((xi)iEz+) = (f(xi)),ez÷ and G((Yi)iez*) = (g(Yi)),Ez +. 

It can be checked that F is a homeomorphism with F o d = 6 o F,  F ( ~ )  = t/0 

and indeed G o F = d ' .  

5.9. PROOF OF 4.5. By Theorem 4 (I) in [4], there exist f :  X--- Y, g :  Y--- X 

uniquely determined by the properties that  f(Xo)= Yo, g(Yo)= Xo, f ,  = ¢~, 
g ,  = ~v, f o a = b o f ,  g o b = a o g. Similarly as ~v o 0 ° a~ = a~ o V ° q~ there 

exists a unique map h : X - - , X  with h(xo)=Xo, h ,  =goq~,  h o a ' = a "  oh. 

Consequently h = go f =  a' .  By a similar reasoning we find that  f o g  = b". 

Now it is easy to check that f ,  g are covering projections. The proof  is complete 

in view of 4.3. 
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5.10. LEMMA. Let  b : Y ~ Y be an expanding map, Yo ~ Y a f ixed point o f  

b. For any (2)  E Ztl(Y, Yo), there exists a f ixed point y~ E Y of  b such that 

is conjugate to 

Ad[(2 }] o b ,  : =,(Y, Yo) -" rq(Y, Yo) 

b,  " rt,(Y, Y6) --" n,(Y,  y~). 

PROOF. Let q : 17 ~ Ybe  the universal covering projection onto Y. Let F be 

the group of  covering transformations associated with q : 17"--, Y, that is the 

group of  homeomorphisms  g : 1~--. 17 with the property that q o g = q. Given 

J~0Eq- t(Yo) there exists a natural i somorphism 

6:  rq(Y, y0)--" F 

such that for any (2)Ezr~(Y, y0), 6 is the unique covering t ransformation 

associated with q : 17---- Y sending ~0 to 2(0) where ,~ is the unique path in 1;" 

with q o ,( = 2 and 2(1) = 3~0. I f  6:17 ~ 17 is the unique homeomorph i sm with 

q o 6 = b o q and 6(yo) = Y0, it can be checked that 

(*) 6 o b ,  = fl o 6 

where  fl : F--- F is defined by 

fl(g) = b-o g o (6) --I  

for any g E F. As a consequence of  (,) we obtain 

60 (Ad[(2)]  o b , )  = (Ad[6((2))]  o fl) o 6. 

We note that 

where 

Ad[6((2 ))] o fl(g) = 6' o g o (~,) - '  

6 '  = ~ ( ( 2 ) )  o 6 .  

Lifting the r iemannian metric on Y, with respect to which b is expanding, to 17 

so that q: 1?---Y is a local isometry and each g E F  is an isometry of  

r iemannian manifolds, we find that/5 and 6'  are expanding diffeomorphisms. 

Let y6 is a fixed point o f  6'. I f  y6 = qCP6), then y~ is a fixed point o f b  and there is 

a natural  isomorphism 
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such that 

where 

is defined by 

Consequently if we write 

we obtain 

~t. ~'I(Y, Y6)-" F 

d ' o b ,  = ff, o~, 

ff ' :  F - - F  

ff ' (g)  = 6 ' o  g o  ( 6 9 -  

= Ad[cf((2 ))] off(g). 

h = 5 - i  o c~" ~ l (Y,  y~)--* RI(Y, Y0) 

h o b ,  = f i - I  od 'o b,  

= d~-l of f 'o f f ,  

= ci-l o Ad[6((2))]  o ffo 6' 

= d - l  o~ o Ad[(2 )]o3-~ off oci , 

= Ad[(2)]  o b,  o 5 -1 o5'  

= (Ad[(2)]  o b,)  o h. 

5.11. PROOF OF 4.6. Necessity is established in 4.2. Assume that 

a ,  : hi(X, Xo)--* u~(X, x0) is weakly shift equivalent to b,  : ul(Y, Yo)--" ~I(Y, Y0). 
There  exists (2) E rtl(Y, Yo) such that a ,  : ul(X, Xo) --" u~(X, Xo) is shift equiva- 

lent to Ad[(2 )] o b,  : hi( Y, Yo) -" zq(Y, Yo). By 5.10 there exists a fixed point y~ 

o f  b such that Ad[ (A) ]ob , :u l (Y ,  yo)--'u~(Y, yo) is conjugate to 

b ,  : ;~I(Y, y~) -~ rq(Y, y~). Consequently a ,  : xl(X, 2:o) --" ;~I(X, )Co) is shift equi- 

valent to b,  : 7tl(Y, y~)---ul(Y, y~). By 4.5 % is topologically conjugate to ab. 
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6. Expanding maps in the Klein bottle 

Klein bottle is the compact quotient manifold K = R2/G where G is the 

group of affine transformations of R 2 generated by A, B : R 2 ~ R 2 defined by 

A ( ( x , y ) )  = (x  + 1 , y ) ,  

B ( ( x ,  y ) )  = ( - x ,  y + 1/2), 

for any (x ,  y ) ~ R  2. Khas k0, the image of(0, 0 ) ~ R  2 under the quotient map as 

a natural distinguished point, zq(K, ko) can be identified with G which can be 

presented as the abstract group with generators A, B subject to the relation 

A B  = B A - I .  Each element of G can be uniquely represented in the form 

APB q, p ,  q ~ Z .  Let 0 : G --  G be an endomorphism. There exist p, p', q, r ~ Z 

such that 

As 

we have 

hence 

and 

Therefore 

O(A ) = APB p', 

O(B) = AqB ~. 

O(AB ) = O(BA -~) 

O(A )O(B ) = O(B )¢(A ) --1 

APBP'A qB r = A qBrB - P'A - p 

A p + ( - l ) p ' q o p , + r  = A q - ( - l ) , - C o B r  p'. 

p ! ~ O ,  

p = - ( -  1)rp. 

Thus it is seen that each endomorphism ~ of  G is of the form 
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(A --.~A p 

O(P, q, r): 
{B  ~ A q B  r 

where p, q, r ~ Z ,  r is odd unless p = 0. It can be checked that ¢(p,  q, r) is 

injective iff p ¢ 0. Furthermore,  

¢(p, q, r) o O(P', q', r') = ¢)(pp', q + q'p,  rr'), 

(¢(p,  q, r))" = O(P", q(1 + p + . . -  + p , - t ) ,  r"). 

For  any p, q, r E Z,  p ~ 0, r odd consider 

f ( p ,  q, r) : R 2--+ R 2 

defined by 

f ( p ,  q, r)((x, y)) = (px  + O(y), ry) 

where 0: R---R is any differentiable function with the properties 

0(0) = 0, 

O(y + 1/2) = - 0(y) + q 

for any y ER.  (For instance, O(y) = q sin 2 z ty . ) f (p ,  q, r) is a diffeomorphism 

and satisfies 

f ( p ,  q, r )oA = A  p o f (p ,  q, r), 

f ( p ,  q, r)o B = Aq o B" o f ( p ,  q, r). 

Hence f ( p ,  q, r) is the lifting of  a covering projection 

a ( p , q ,  r ) : K ~ K  

with 

and 

a(p ,  q, r)(ko) = ko 

(a(p,  q, r)), = ~ p ,  q, r). 

We notice that if I P l ,  I r l * :  0, 1, then a(p,  q, r) is an expanding map. 

Conversely, i f~(p,  q, r) is induced by an expanding map, then I P l, I r I ¢ 0, 1 : 
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I f  a is expanding and a ,  = 0(l, q, r) for some q , r ~ Z  then 
A ~_ A ~ o  ai, nl(K, ko) which is impossible by Proposition 4 in [4]. If a is 
expanding and a ,  = 0( - 1, q, r), then so is a 2 and 

(a2). = (a 2) = (0( - 1, q, r)) 2 = ¢(1, 0, r ~) 

which was seen to be impossible. Hence ]p I# 1. Similarly ] r ]~  1. If  
a(p,  q, r) is expanding then it is a covering projection. Thus ~(p, q, r) is 

injective and p 4= 0. 
Finally if a : K ~ K  is expanding it is topologically conjugate to some 

a(p,  q, r): Let k E K b e  a fixed point o fa .  I fh  is any diffeomorphism of Kwith 
h(ko) = k (which exists as K is a smooth manifold) then a '  = h -1 o a o h is an 
expanding map with k0 as a fixed point. There exist p, q, r ~ Z  + such that 
(a ' ) .  = 0 ( P ,  q, r). By Theorem 4 in [4] a '  is topologically conjugate to 
a(p,  q, r). 

Let Z(p, q, r) = lim (K, a(p,  q, r)) and a(p, q, r) be the shift on Z(p, q, r). 

By 4.6, the problem-of classification of the shifts a(p, q, r) up to topological 
conjugacy is equivalent to the problem of classification of the group endomor- 
phisms a(p,  q, r) up to weak shift equivalence. 

In the following pr(x) denotes the set of prime factors of x ~ Z. 

6.1. PROPOSITION. O(P, q, r) is shift equivalent to O(p', q', r') i f f  p = p', 
r = r' a n d p  - 1 I qL - q ' for  some L E Z  with pr(L) c_ pr(p). 

PROOF. Assume that O(p, q, r) is shift equivalent to 0(P', q', r'). Let 
~(L, M, N) and O(L', M',  N') effect the shift equivalence. As 0(L, M, N) has to 
be injective L 4~ 0. On the other hand, N ~ 0 as N is odd. We have 

¢(L, M, N) o ~(p, q, r) = 0(P', q', r') o 0(L, M, N), 

that is, 

(,) ~)(Lp, M + qL, Nr) = q)(p'L, q' + Mp', Nr') 

and 

q~(L', M',  N')o 0(L, M, N) = (0(P, q, r))", 

that  is, 

(**) O ( L ' L , M ' + M L ' , N ' N ) = ¢ ( p " , q ( 1  + p +  . . .  + p " - l ) , r " )  
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for some n E Z  +. From (,) we obtain 

L p  = p ' L ,  

N r  = r ' N ,  

M + q L  = q '  + M p ' ;  

from (**) 

L I P " .  

Consequently p = p' ,  r = r', p - 1 = p '  - 1 I q L  - q '  for some L ~ Z  with 

pr(L) _C pr(p). Conversely, i f  the above relations are valid choose sufficiently 

large n E Z  + such that L I P". Write L '  = p " / L .  There exists M E Z  such that 

q L  - q '  = M ( p  - 1) = M ( p '  - 1) 

hence 

(l) 

As 

we have 

which implies 

M + q L  = q '  + M p ' .  

p - 1 I q L  - q '  = q p " l L '  - q '  

p - 1 [ qp" --  q ' L '  

p - l l q ' L ' - q  

as p - 1 [ p" - 1. There exists M ' E  Z such that 

m ' ( p  - I) = q ' L "  - q 

hence 

(2) M '  + q ' L '  = q + M ' p .  

From (1) and (2) and the fact that L L '  = p" ,  p = p ' ,  r = r '  we obtain 

(3) M + M ' L  = q ' ( l  + p ' +  . - .  + p ' " - ' ) ,  

(4) m'+mL'=q(l + p + . . .  + p"- ' ) .  
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Let N, N' be any integers with 

(5) 

then 

N . N ' = r "  = r  'n, 

¢(L, M, N) o ¢(p, q, r) -- ~(p', q', r') o ¢~L, M, N), 

¢(L', M',  N')o ~(p', q', r') = ~ p ,  q, r) o ~(L', M',  N'), 

¢~L', M',  N') o O(L, M, N) = (¢~p, q, r))", 

~(L, M, N) o ¢(L', M',  N') = (¢~p', q', r'))", 

by (1), (2), (3), (4), (5). Therefore O(L, M, N), O(L', M', N') effect a shift 

equivalence of 0(P, q, r) to 0(P', q', r'). 

6.2. PROPOSITION. O(p, q, r) is weakly shift equivalent to ~ p ' ,  q', r') i f f  

(a) I P l -  I p ' l , r - - r ' ,  
(b) p is even or q and q' have the same parity. 

PRoof.  We notice that 

Ad[AUB '] o¢~p, q, r) = ¢<( - 1)'~0, ( - 1)"q + 2u, r) 

for any p, q, r E Z. Hence 0(P, q, r) is weakly shift equivalent to ¢~p', q', r') iff 
there exist u, v, L E Z such that 

p = ( - 1)~p ,, 

and 

r = r', pr(L) _C pr(p) 

p -- 1 I qL - ( -  1)~q ' -  2u. 

Equivalently, ¢(p, q, r) is weakly shift equivalent to ~ p ' ,  q', r') iff I P I = I P ' I ,  
r = r '  and there exist u, L ~ Z  such that 

and 

(,) 

pr(L) __ pr(p) 

p -  1 [ qL - q' - 2u. 

If  p is even (.) is satisfied by taking L = 2 and 
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2(q - u) - q '  = p - 1 i f q '  is odd,  

2(q - u) - q '  = 2(p - 1) i f q '  is even. 

I f p  is odd  then  so is L and  ( .)  can be satisfied i f fq  and  q'  have  the same parity.  

6.3. COROLLARY. Let [ p l, I P 'I  ~ 1, 0, I r l, I r ' l  ~: 1. tr(p, q, r) is topologi- 
cally conjugate to tr(p', q', r') iff 

(a) I p l = l p ' l , r = r ' ,  
(b) p is even or q and q' have the same parity. 

PROOF. I m m e d i a t e  consequence  o f  4.6 and  6.2. 
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